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ABSTRACT

We propose a new study of multichannel time-domain noise
reduction filters where we decompose the noise-free mi-
crophone array observations into two components: the first
is correlated with the target signal and perfectly coherent
across the sensors while the second consists of residual
interference. Then, alternative formulations of well known
time-domain filters, namely, the minimum variance distor-
tionless response (MVDR), the linearly constrained min-
imum variance (LCMYV), the multichannel tradeoff, and
Wiener filters are given. Besides, the performance of these
time-domain filters are analytically investigated and new in-
sights are presented. Numerical results are finally provided
to corroborate our study.

Index Terms— Noise reduction, speech enhancement,
microphone array, Wiener filter, beamforming.

1. INTRODUCTION

Multichannel processing for noise reduction has recently
become a very active field of research due to its great poten-
tial as compared to its single-channel counterpart and to the
challenging propagation conditions, namely, the acoustic
noise and reverberation characteristics, that can dramati-
cally change from one application to another [1]. Prior to
developing a robust multichannel processing scheme, which
is the ultimate goal of all research efforts in this field, it is
crucial to comprehend the fundamental functioning and
achievable performance of widely utilized multichannel
noise reduction approaches. This paper is devoted to the
analysis of time-domain multichannel noise reduction tech-
niques, namely the MVDR, LCMYV, Wiener, and tradeoff
filters.

In the traditional formulation of multichannel noise
reduction, the objective is to recover a noise-free refer-
ence microphone signal by taking advantage of the spatio-
temporal properties of the observed mixtures of sounds.
This objective can be achieved in either time [2, 3] or some
transform domains [4, 5, 6]. Good analysis and compar-
isons of noise reduction using different transforms includ-
ing Fourier, Karhunen-Loeve, cosine, and Hadamard can

be found in [6]. Traditionally, multichannel noise reduc-
tion techniques are formulated by splitting the processed
microphone observations into two terms: filtered noise-free
speech and residual additive noise. The first term is treated
as desired signal while the second is a nuisance. Then, the
objective has typically been to reduce the nuisance while
keeping the filtered speech as similar as possible to a ref-
erence signal. It turns out that this treatment of the overall
filtered speech as the desired signal is inappropriate as it
will become clear soon.

In this paper, we propose a new perspective on mul-
tichannel time-domain noise reduction. We demonstrate
that it is possible to decompose the noise-free observations
into two uncorrelated components: a desired signal which
is fully coherent across the sensors and some additive in-
terference. Subsequently, we derive many well-known
filters,namely, the MVDR, LCMYV, tradeoff, and Wiener
filters and show how the time-domain MVDR, Wiener,
and tradeoff filters are identical up to a scaling factor.
Also we demonstrate an interesting connection between the
LCMYV and MVDR filter. It is worthwhile noting that the
most widely used multichannel linear filters, in particular
those investigated in this paper, are obtained by optimizing
second-order-statistics-based criteria. Hence, using second-
order-statistics-based metrics to evaluate their performance
is the most natural and intuitive way to comprehend their
functioning. In particular, the noise reduction factor, signal
distortion index and output SNR [2, 7] are used for perfor-
mance evaluation here. Using these metrics, we carry out
a simplified yet rigorous analysis of the performance of the
MVDR, LCMYV, tradeoff, and Wiener filters.

2. SIGNAL MODEL

We consider the typical formulation of signal model in
which an N-element microphone array captures a con-
volved source signal in some noise field. The received
signals, at the discrete-time index k, are expressed as [1, 4]

yn(k) = (k) +oa(k), n=1,2,.. N, ()

where z,, (k) = g, (k) * s(k), gn (k) is the impulse response
from the unknown speech source s(k) location to the nth



microphone, * stands for linear convolution, and v, (k) is
the additive noise at microphone n. We assume that the
signals x,,(k) and v, (k) are uncorrelated and zero mean.
The noise signals v, (k) are typically either partially coher-
ent or incoherent across the array. All previous signals are
assumed to be real, broadband, Gaussian, and stationary.

By processing the data by blocks of L samples and con-
sidering all microphones, the signal model given in (1) can
be put into a vector form as

vy = [yt ¥E(k) R 1"
= x(k) + v(k), )
where y, (k) = [yn(k) yn(k —1) ... yn(k — L+ 1)].

Vectors x(k) and v(k) of length N L are defined in a similar
way to y(k). Since z, (k) and v, (k) are uncorrelated by
assumption, the correlation matrix (of size NL x NL) of
the microphone signals is

Ry = E [y(k)y" (k)] =Ry +Ry, 3)

where F[-] denotes mathematical expectation, and Ry =
E [x(k)x" (k)] and Ry = E [v(k)vT (k)] are the correla-
tion matrices of x(k) and v(k), respectively. With the above
signal model, the objective of noise reduction is to estimate
any one of the signals z,,(k) [2, 3, 4, 5] say z1(k), without
loss of generality.

3. LINEAR DECOMPOSITION OF THE
MICROPHONE SIGNALS

Our objective is to recover an estimate of the desired signal
as &1 (k) = hTy(k) where h is an N L—dimensional linear
filter. We decompose the estimated signal as

&1 (k) = hT [x(k) 4+ v(k)] = z¢(k) + v (k), 4)

where z¢(k) = hTx(k) is the filtered speech signal and
ven(k) = hTv(k) is the residual noise. From (4), we see
that &1 (k) depends on the vector x(k). However, our de-
sired signal at time & is only z1 (k) [and not the whole vector
x(k)]. Actually, the vector x(k) may contain a component
uncorrelated with 1 (k), which we consider as an undesired
component. Specifically,

x(k) = xa(k) +x'(k), (5)
where
xa(k) = @1(k)vx (6)

is the desired signal vector (of length N L), x’(k) is orthog-
onal to x4 (k),
T
Y= 70 Y o Ve

is the normalized [with respect to x1 (k)] cross-correlation
vector (of length N L) between x4 (k) and x(k),

T
[ Yxn,0 Vxn, 1 Vxp,L-1 ]
Bz (k)xn (k)]

= —Fmm bV O

Tx, T

is the cross-correlation vector (of length L) between x1 (k)
and x,,(k),

Bz (k)an(k —1)]

EE) L 1=0,1,...

s L-1 (8

Vxn,l =

is the cross-correlation coefficient between (k) and
xn(k —1), and

X'(k) = x(k) = 21(k)7y ©)
Elay(k)x'(k)] = 0. (10)
Substituting (5) into (4), we get
Z1(k) WY [z (k)yy + X (k) + v(k)]
= wg(k) + 2l (k) + v (k), (11)

where x¢q(k) = x1(k)hT~, is the filtered desired signal
and 2/,(k) = h'x/(k) is the residual interference. We
observe that the estimate of the desired signal at time k is
the sum of three terms: the first one is clearly the filtered
desired signal while the two others are the filtered undesired
signals (interference-plus-noise). Since the three terms

are mutually uncorrelated, the variance of 1 (k) is 021 =

agm + 02, + 02, where Ugfd =02, (hT'yX)2 =h"Ry,h,
02, =h"Ryh = h"Ryh — 02, (h7,)*, 02 = h"Ryh,
o2 = E|[23(k)] is the variance of the desired signal,

Ry, = o2 1’yx'yxT is the correlation matrix (whose rank is
equal to 1) of xq(k), and Ry = E [x/(k)x'7 (k)] is the cor-
relation matrix of x’(k). Comparing the decomposition of
the filtered microphone observations in (11), and recalling
its narrowband counterpart in the frequency domain [4, 8]
we clearly see that v, plays the role of the steering vector
of the desired source in the time domain.

4. PERFORMANCE MEASURES

Since our objective is to estimate x1(k), the first micro-
phone has to be taken as a reference when defining our
performance measures. The proposed definitions slightly
differ from traditional (old) definitions that can be found
in previous references, e.g., [2, 7], in the sense that the
decomposition of the noise-free speech observations out-

lined above is first accounted for here. The first important
2

measure is the input SNR defined as iSNR = st , where

le

o2 = E [vi(k)]. We also quantify the level of noise re-

U1

maining at the output of the filter by defining the output



SNR as
o? o2 (hy )2
SNR (h) = o = 2 > 12
oSNRb) 2 ol bR

where R;;, = Ry + Ry is the interference plus noise covari-
ance matrix. The objective of the noise reduction filter is to
make the output SNR greater than the input SNR to enhance
the quality of the noisy signal.

The noise-reduction factor [2, 7] quantifies the amount
of noise rejected by the filter. This quantity is defined as the
ratio of the variance of the noise at the reference microphone
over the variance of the interference-plus-noise remaining at
the output of the filter

o2 o2

wh) = 50 = 13
S (M) = o = TR (13)

The noise-reduction factor is expected to be lower bounded
by 1 for optimal filters.

In practice, the FIR filter, h, may distort the desired sig-
nal. In order to evaluate the level of this distortion, we con-
sider the speech-distortion index [2, 7] defined as

B {lzu(k) - a1 (b)) }

2
le

VUsd (h> = = (hT’Yx - 1)2 . (14’)

The speech-distortion index is always greater than or equal
to 0 and should be upper bounded by 1 for optimal filters; so
the higher is vgq (h), the more distorted is the desired signal.

5. OPTIMAL NOISE REDUCTION FILTERS

By using the new decomposition of the noise-free micro-
phone signals in Section 3, we demonstrate that, even in the
time domain (in analogy to the frequency domain formula-
tion, for example), the maximum SNR, Wiener, MVDR, and
tradeoff filters are equivalent up to a scaling factor. Further-
more, by decomposing the additive noise term in a similar
way, we can develop an alternative expression of the LCMV
and demonstrate its connection to the MVDR.

5.1. Wiener Filter

The Wiener filter is easily derived by taking the gradient of
the mean square error (MSE), which is defined as [2, 3]

e(h) = E [(Wy(k) — z1(k))?] (15)

with respect to h and equating the result to zero. This leads
to

hy =R, 'Ry, i1, (16)

where i1 = [1 0 ... 0] is (N L)-dimensional vector. Thanks
to the new linear decomposition of the noise-free micro-
phone observations of the speech signal, we demonstrate

another interesting expression of the Wiener filter

R s

Y AR, 4
Using (17), we deduce that the output SNR is oSNR (hy ) =
o2 l'y,:f anl'yx. For notational convenience, we will denote
oSNR (hw) = Apax. Actually, Apax is the maximum
eigenvalue of Ri_n1 Ry,. Again, thanks to the new decom-
position, it becomes possible (and easy) to show that hyy,
indeed, achieves the maximum output SNR. This result is
first outlined here.

Now, the speech-distortion index is a clear function of
the output SNR: vy (hy) = W < 1. The higher is
the value of the output SNR, the less distorted is the desired
signal.

Clearly, oSNR (hy) > iSNR, since the Wiener filter

maximizes the output SNR. Finally, with the Wiener fil-
= (dma)?®
B iSNR'/\max -

2
) , meaning that this filter always reduces the

ter the noise-reduction factor is &, (hw)

Amax

(1 + L
additive noise.

5.2. MVDR Filter

Another important filter, initially proposed by Capon [9] and
delineated in several forms [2, 4, 5], is the minimum vari-
ance distortionless response (MVDR) beamformer which
is obtained by minimizing the variance of the interference-
plus-noise at the beamformer output with the constraint that
the desired signal is not distorted, i.e., hT’yx = 1. In our
case, we can demonstrate that this filter is expressed as

-1 -1
; R "Ry
1n ’Yx _ 1n d il- (18)

TR Y Amax

hyvpr =

By comparing (17) and (18), it is easy to see that the time-
domain Wiener and MVDR filters are related as follows

hw = aohmvpr, (19)

where ag = 7 f‘rl)\“a" .

Obviously, the MVDR does not distort the desired sig-
nal in theory. It outputs the same SNR value A\, as

the Wiener filter and its noise reduction factor is given by

&or (hvvpr) = lgﬁ >1

5.3. Tradeoff Filter

The tradeoff filter generalizes the filters discussed above and
that is achieved by scaling the noise-plus-interference co-
variance matrix in the expression of the Wiener filter (16).
This scaling factor is denoted as i (> 0) and allows to tune
noise-plus-interference reduction factor versus speech dis-
tortion. Following the linear decomposition of the desired



signal in Section 3, we demonstrate that the tradeoff filter is
given by

1
hr, = o2 [02 %7 +pRin]

—1
— Rin Tx - (20)

poz’ + VIR vy

In order to obtain a certain value 6031 of the residual noise-
plus-interference reduction energy (0 < 5 < 1), we can
demonstrate that the tuning parameter p has to be chosen
such that

iSNR Apax

(,U/ + )\max)z .
In particular, we can see that for

g = 2y

e i = 1,ht; = hw, which is the Wiener filter,
e 11 =0, hr o = hyypr, Which is the MVDR filter,

e ;1 > 1, results in low residual noise at the expense of
high speech distortion,

e 1, < 1, results in high residual noise and low speech
distortion.

Again, we observe here as well that the tradeoff, Wiener,
and MVDR filters are equivalent up to a scaling factor. As
a result, the output SNR of the tradeoff filter is indepen-
dent of 4 and is oSNR (ht ) = Amax, Vu. The noise-
plus-interference reduction factor is given by &, (hr ) =
(- Amax)® and is a decreasing function of u, while the sig-

ISNR Amax f
nal distortion index is given by vgq (ht ,) = At Ama)®
€ s ISNR M ax’

which is an increasing function of the same parameter.

5.4. The Linearly Constrained Minimum Variance
(LCMV) Filter

We can derive an LCMV filter [10] which can handle more
than one linear constraint, by exploiting the structure of the
noise as well as the noise-free structures.

In Section 3, we decomposed the vector x(k) into two
orthogonal components to extract the desired signal, 21 (k).
We can also decompose (but for a different objective as ex-
plained below) the noise signal vector, v(k), into two or-
thogonal terms:

v(k) = vi(k)yy, + V' (k), (22)

where ~, and v/ (k) are defined in a similar way to -, and
x' (k).

Our problem this time is the following. We wish to per-
fectly recover our desired signal, z1 (k), and completely re-
move the correlated components, vy (k)y,. Thus, the two
constraints can be put together in a matrix form as C'h =i,
where C = [ ' ] is our constraint matrix of size

NL x 2 and i = [10]" . Then, our optimal filter is ob-
tained by minimizing the overall mixture of sounds energy

at the filter output, with the constraints that the correlated

noise components are canceled and the desired speech is

preserved. The LCMV filter is then given by [10]
-1

hiomv = R, 'C {CTRglc} i. (23)

In a similar way to [8], we demonstrate that the MVDR

filter can be written as a linear combination of two beam-
formers

hyivor = ohromv + (1 — 0)hvarcn (24)
where
R, v

h = 25
MATCH VIR o, (25)

0 = 731Ri_n'1'7v (1 - ’%2) (26)

oo + IR, (1 — K2)
TR 1v,)°
K _ (7X in PYV) (27)

(VIR ) (R )

where R,y = Ry +Ry is the covariance matrix of all the in-
coherent interference plus noise components. o is a tradeoff
parameter between hyiarcn and hrony that are optimal
in the absence of interference and non-coherent noise, re-
spectively. k measures the collinearity! between the vectors
4 and =, in some transform domain defined by the non-
coherent noise whitening matrix Ri;,l/ 2 [8]. We observe
from (24) that when p tends to 0, the MVDR filter tends
to the LCMV filter while when p tends to 1, the MVDR
filter tends to the matched filter, thereby trading off the re-
jection of the coherent noise and the reduction of the other
residual noise components [8]. This tradeoff is determined
by the value of the collinearity factor, «, and the generalized
coherent-to-other noise components ratio, 031 ~T Ri_n,l'yv.

We always have oSNR (hy,cyyv) < oSNR (hyypr) ,
Usd (hpomy) = 0, and we can show that

&or (huomy) < &nr (havor) < &nre (hw) . (28)

The LCMV filter is able to remove all the correlated noise
but at the price of a decreased overall noise reduction factor.

6. SIMULATION RESULTS

In our setup, we use real channel impulse responses recorded
in an acoustic chamber of size 6.7 m long by 6.1 m wide
by 2.9 m high. The reverberation time is T5o = 580 ms.
A linear array of 4 microphones is used. The microphone
array lies along the first dimension with the first element
at (2.437,0.5,1.4) m and inter-element spacing of 0.1
m. A target speaker is located at (1.337,1.938,1.6) and

IThe larger is x, the more collinear (or less orthogonal) are R;n}/ 2’7x
—1/2
andR, , / Yy
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Fig. 1. Desired signal and interference at the output of the multi-
channel Wiener filter. The number of filter taps is L = 100.

generates a 12-second-long female speech (8 kHz sam-
pling frequency) while an interference source is located
at (3.337,1.938,1.6) m and generates a ventilation (fan)
noise. Segments of babble noise from the noisex database
[11] are added to the noise-free observations. Our pur-
pose here is to investigate the fundamental limits of the
investigated filters. Thus, we put aside the problem of
noise statistic estimation, and assume that the noise samples
are available when estimating Ry. The statistics estima-
tion and filtering are performed using batch processing with
256 ms-length windows and an overlap rate of 75% between
consecutive frames.

For completeness, we investigate the performance of the
tradeoff filter for three conditions: p = 5, 1, and 0. Recall
that ;1 = 0 corresponds to the MVDR and ;1 = 1 corre-
sponds to the traditional multichannel Wiener filter. We also
include comparisons to the LCMV beamformer. The noise
reduction factor, signal distortion index and output SNR are
used for performance evaluation here. To demonstrate the
relevance of the new definitions of our metrics in Section
4, we compare them to the old definitions where the inter-
ference (as described in Section 3) is included in the de-
sired signal part (e.g., see [2, 7] for details). The results are
presented for a variable number of filter taps at a constant
overall input SNR (the speech-to-babble-noise ratio and the
speech-to-fan-noise ratio are both equal to 10 dB).

We start our simulations with an illustration of the rele-
vance of the new linear decomposition in Section 3 and the
resulting residual interference as compared to the desired
signal at the output of the multichannel Wiener filter in Fig-
ure 1. The interference level is remarkably lower than the
desired signal, but taking it into account substantially alters
the expected performance of the filters. Including the inter-
ference in the definition of the desired signal is certainly not
correct since both components are, by definition, orthogo-
nal.

Figures 2, 3, and 4 show the effect of the number of
taps on the signal distortion index, noise reduction factor,
and SNR at the output of the investigated filters. Note that
there is a clear discrepancy between the old and new defi-
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Fig. 2. Effect of the number of taps, L, on the signal distortion
index. Top: MVDR and LCMV. Bottom: Tradeoff filter with p =
5and o = 1. Old and new definitions are compared.

nitions of the three performance measures. For a given fil-
ter, the old metrics indicate larger noise reduction, output
SNR, and signal distortion values than their new counter-
parts. This discrepancy is caused by the interference in the
filtered speech signal which is traditionally included in the
desired signal part.

By observing the newly defined performance measures,
we notice that as the tradeoff parameter increases from 1 to
5, more noise reduction and signal distortion are obtained
at the output of the tradeoff filter. Comparing the top and
bottom subplots in Figures 2 and 3, respectively, we see that
the MVDR achieves less noise reduction than the Wiener
filter but also zero distortion of the desired signal. These
results agree with the theoretical analysis. The LCMV does
not distort the desired signal but it achieves the lowest noise
reduction values. The last result is also confirmed by the
link between the MVDR and LCMYV in (24). As for the
output SNR, we expect from our analysis in Section 5 that
its values would be the same for the tradeoff filter regard-
less of the value of p. The plots in Figure 4 do not per-
fectly agree with this theoretical finding. To explain this
mismatch, recall that in all our analysis, we assumed the
coexistence of the desired speech signal and noise at every
time instant. This assumption is not always valid for speech
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Fig. 3. Effect of the number of taps, L, on the noise reduction
factor. Top: MVDR and LCMV. Bottom: Tradeoff filter with 1 =
5and p = 1. Old and new definitions are compared.

which is known to be non-stationary and its energy may fre-
quently decay to zero. In noise-only frames, the filters cor-
responding to 1 > 0 attenuate all their outputs to 0 while the
MVDR is regularized enough and does not suppress all sig-
nals in these frames. Besides, it can be empirically verified
that when increasing p, the tradeoff filter becomes more ag-
gressive in terms of signals suppression when the speech en-
ergy decays. Hence, less noise reduction is achieved by the
MVDR followed by the Wiener filter in noise-only frames.
This translates into larger SNR gains of the tradeoff filter
with ¢4 = 5 as compared to the multichannel Wiener filter
and MVDR.

7. CONCLUSIONS

In this paper, we presented a new perspective on well known
time-domain multichannel noise reduction approaches. We
demonstrated that the observed noise-free signals are com-
posed of two main components: the first is perfectly coher-
ent across the sensors and obtained by projecting the noise-
free observations on the reference microphone speech sig-
nal, while the second is orthogonal to the desired signal and
considered as interference. Thanks to this new decompo-
sition, we re-formulated the multichannel Wiener, MVDR,
LCMY, and tradeoff filters and expressed them in a simple

20 T T T T
—&— MVDR (new definition)
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— — — MVDR (old definition)
16| ~— = LCMV (old definition) 1
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Fig. 4. Effect of the number of taps, L, on the output SNR. Top:
MVDR and LCMV. Bottom: Tradeoff filter with 4 = 5and p = 1.
Old and new definitions are compared.

way that allows for a better comprehension of their function-
ing. The results of this contribution can be easily extended
to noise reduction in transform domains, in particular those
investigated in [6] or the convolutive frequency-domain ap-
proach [5].
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