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ABSTRACT

Superdirective beamformers with uniform circular arrays (UCAs)
are often used in communication applications for their steering flex-
ibility and potential high directivity factors (DFs). This paper pro-
poses two classes of subspace superdirective beamformers. The first
class is based on the diagonalization of the noise pseudo-coherence
matrix with the Fourier matrix while the second one is based on the
joint diagonalization of the pseudo-coherence matrices of the desired
and noise signals. By properly choosing the dimension of the sub-
space, the developed two classes of subspace superdirective beam-
formers can find good compromises between large DFs and reason-
able values of white noise gains, which make them much more flex-
ible than the conventional regularized superdirective beamformer.

Index Terms— Uniform circular arrays (UCAs), superdirective
beamforming, robust beamforming, supergain, white noise gain, di-
rectivity factor, joint diagonalization, subspace.

1. INTRODUCTION

Microphone array systems have been widely used in speech and au-
dio applications to extract signals of interest from noisy observa-
tions in room acoustic environments [1–11]. One of the core com-
ponents in a microphone array system is the so-called beamforming,
which aims at recovering a desired signal from noisy observations
with a spatial filter [12–15]. Circular arrays have drawn a signifi-
cant amount of attention since, thanks to their symmetries, they can
have a similar performance in different steering directions [16–18].
Similarly to linear arrays, many beamforming algorithms have been
developed, such as the delay-and-sum, filter-and-sum, and superdi-
rective beamformers [1, 19–24].

In applications where small-size microphone arrays are required,
superdirective beamforming, which achieves maximum gain in a dif-
fuse noise field, is very attractive [1, 25–28]. However, superdirec-
tive beamformers may suffer from the problem of white noise ampli-
fication, making them sensitive to the array and sensors’ imperfec-
tions. This is indeed the main problem that prevents superdirective
beamformers from being widely used in practical systems [25, 29].
Therefore, how to achieve a relatively high directivity factor (DF)
with a reasonable white noise gain (WNG) is becoming an impor-
tant issue in the design of superdirective beamformers. Much effort
has been devoted to solving this problem and the most common solu-
tion so far is the regularized superdirective beamformer [23, 25, 30],
which introduces a WNG constraint to improve robustness. The per-
formance of the regularized superdirective beamformer is controlled
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by a regularization parameter [13, 23, 25]. In practice, however, it
is not always convenient to tune this parameter for a large DF and
a reasonable value of WNG. So, other alternatives should be devel-
oped.

This paper presents two classes of subspace superdirective
beamformers to deal with the white noise amplification problem.
The first one is based on the decomposition the noise pseudo-
coherence matrix, where the conventional superdirective beam-
former can be written as a combination of a set of subfilters
[16, 31, 32]. To improve robustness, we consider the beamformer
which only uses the subfilters corresponding to the first few largest
eigenvalues. The second class is based on the joint diagonalization of
the pseudo-coherence matrices of the desired and noise signals [19].
With an M -sensor array, the joint diagonalization matrix constitutes
an M dimensional space, where the first vector (with the maximum
eigenvalue) corresponds to the signal subspace and the remaining
M − 1 vectors (with all the zero eigenvalues) correspond to the
noise subspace. While the regular superdirective beamformer only
uses the first vector corresponding to the largest eigenvalue, the re-
maining M − 1 vectors can be used to improve the robustness of the
superdirective beamformer.

2. SIGNAL MODEL AND PROBLEM FORMULATION

We consider a uniform circular array (UCA), of radius r, consisting
of M omnidirectional microphones. We assume that a source signal
impinges on the UCA from the farfield (plane wave) at the speed of
sound, i.e., c = 340 m/s. We want to steer the main beam to the
direction θ. In this scenario, the steering vector of length M is [6]

d (ω, θ) =

[
ejωrc

−1 cos (θ − ψ1) ejωrc
−1 cos (θ − ψ2)

· · · ejωrc
−1 cos (θ − ψM )

]T
, (1)

where the superscript T is the transpose operator, j is the imaginary
unit with j2 = −1, ω = 2πf is the angular frequency, f > 0 is
the temporal frequency, and ψm = [2π(m − 1)]/M is the angular
position of the mth (m = 1, 2, . . . ,M ) array element.

Assuming that the desired signal comes from the direction
θs, the frequency-domain signal received by the mth (m =
1, 2, . . . ,M ) microphone is

Ym (ω) = ejωrc
−1 cos (θs − ψm)X (ω) + Vm (ω) , (2)

where X (ω) is the desired signal and Vm (ω) is the additive noise

978-1-5090-2007-2/16/$31.00 c©2016 IEEE



at the mth microphone. In a vector notation, (2) becomes

y (ω) =
[
Y1 (ω) Y2 (ω) · · · YM (ω)

]T
(3)

= x (ω) + v (ω)

= d (ω, θs)X (ω) + v (ω) ,

where d (ω, θs) is the steering vector at θ = θs, x (ω) =
d (ω, θs)X (ω), and v (ω) is defined similarly to y (ω).

The objective of beamforming is to recover the desired signal,
X (ω), from the noisy observation vector, y (ω). To achieve that, a
complex weight, H∗

m (ω), where the superscript ∗ stands for com-
plex conjugation, is applied at the output of each microphone. The
weighted outputs are then summed together to get an estimate of the
desired signal [4], i.e.,

Z (ω) =
M∑

m=1

H∗

m (ω)Ym (ω) = h
H (ω)y (ω) , (4)

where

h (ω) =
[
H1 (ω) H2 (ω) · · · HM (ω)

]T
(5)

is a spatial filter of length M , and the superscript H is the transpose-
conjugate operator.

3. PERFORMANCE MEASURES

The beampattern or directivity pattern describes the sensitivity of the
beamformer to a plane wave (source signal) impinging on the UCA
from the direction θ. Mathematically, it is defined as

B [h (ω) , θ] = h
H (ω)d (ω, θ) . (6)

Without loss of generality, we consider the first microphone as
the reference. The input signal-to-noise ratio (SNR) is then defined
as

iSNR (ω) =
φX (ω)

φV1
(ω)

, (7)

where φX (ω) = E[|X (ω)|2] and φV1
(ω) = E[|V1 (ω)|2] are the

variances of X (ω) and V1 (ω), respectively. The output SNR is [17]

oSNR [h (ω)] =
φX (ω)

φV1
(ω)

× hH (ω)Γx (ω)h (ω)

hH (ω)Γv (ω)h (ω)
, (8)

where Γx (ω) = d (ω, θs)d
H (ω, θs) is the pseudo-coherence ma-

trix of x (ω), and Φv (ω) = E
[
v (ω)vH (ω)

]
and Γv (ω) =

Φv(ω)
φV1

(ω)
are the correlation and pseudo-coherence matrices of v (ω),

respectively.
The definition of the gain in SNR is easily derived from the pre-

vious definitions, i.e.,

G [h (ω)] =
oSNR [h (ω)]

iSNR (ω)
=

hH (ω)Γx (ω)h (ω)

hH (ω)Γv (ω)h (ω)
. (9)

In our discussion, we are interested in two types of noise.

• The temporally and spatially white noise with the same vari-
ance at all microphones1. In this case, Γv (ω) = IM , where
IM is the M×M identity matrix. Therefore, the gain in SNR
is

W [h (ω)] =
hH (ω)Γx (ω)h (ω)

hH (ω)h (ω)
,

which is called the white noise gain (WNG).

1This noise models well the sensor noise.

• The diffuse noise2. In this case, the noise pseudo-coherence
matrix is circulant (and symmetric) and can be written as

Γv (ω) = Γd (ω) (10)

=

⎡
⎢⎢⎢⎣

ρ1(ω) ρ2(ω) · · · ρM (ω)
ρM (ω) ρ1(ω) · · · ρM−1(ω)

...
...

. . .
...

ρ2(ω) ρ3(ω) · · · ρ1(ω)

⎤
⎥⎥⎥⎦ ,

where ρm (ω) = sinc (ωδm/c) with δm =
2r sin [(m− 1)π/M ] being the distance between the
reference and mth microphones. Now, the gain in SNR is

D [h (ω)] =
hH (ω)Γx (ω)h (ω)

hH (ω)Γd (ω)h (ω)
, (11)

which is called the directivity factor (DF) [3].

4. SUPERDIRECTIVE BEAMFORMING

In this section, we study superdirective and subspace superdirective
beamformers with UCAs. Let us consider θs = 0 (the results can
be easily generalized to other cases) and write d (ω, 0) = d (ω) in
the rest. In our context, the distortionless constraint at the desired
direction θs = 0 is desired, i.e.,

B [h (ω) , 0] = h
H (ω)d (ω) = 1. (12)

4.1. Conventional Superdirective Beamforming

By minimizing the residual noise, i.e., hH (ω)Γd (ω)h (ω) subject
to the distortionless constraint, we obtain the conventional superdi-
rective beamformer [1]:

hS (ω) =
Γ−1

d (ω)d (ω)

dH (ω)Γ−1
d (ω)d (ω)

. (13)

In fact, it can be shown that (13) is the hypercardioid of orderM−1
[17], whereM = �M

2
� + 1 with �x� being the integral part of x.

It is well known that the superdirective beamformer is very sen-
sitive to small errors in the system. To deal with this problem, a
robust version of the superdirective beamformer was derived in [13],
which is

hS,ε (ω) =
[Γd (ω) + εIM ]−1

d (ω)

dH (ω) [Γd (ω) + εIM ]−1
d (ω)

, (14)

where ε ≥ 0 is a Lagrange multiplier that can be adjusted to satisfy
the WNG constraint. This parameter ε tries to find a good compro-
mise between a supergain and white noise amplification. It is clear
that (14) is a regularized version of (13), where ε can be viewed as
the regularization parameter. However, in practice, it is not very easy
to determine the optimal value of this parameter.

4.2. Subspace Superdirective Beamforming based on the Noise

Pseudo-Coherence Matrix Decomposition

With UCAs, the noise pseudo-coherence matrix is circulant and can
be decomposed as [16, 32]

Γd (ω) = FΛ (ω)FH , (15)

2This situation corresponds to the spherical isotropic noise field.



where

F =
[
f1 f2 · · · fM

]
(16)

is the M ×M Fourier matrix,

fm =
1√
M

[
1 ej(m− 1)β · · · ej(m− 1)(M − 1)β

]T
, (17)

with β = 2π/M , and

Λ (ω) = diag
[
λ1 (ω) , λ2 (ω) , . . . , λM (ω)

]
(18)

is an M ×M diagonal matrix, with

λm (ω) =
M∑
i=1

ρm (ω) ej(i− 1)(m− 1)β. (19)

The eigenvectors and eigenvalues have the following symmetry [16]:

fi+1 = f
∗

M−i+1,

λi+1 (ω) = λM−i+1 (ω) , (20)

where i = 0, 1, ...,M−1 (M = �M
2
�+1) and λ1 (ω) ≥ λ2 (ω) ≥

· · · ≥ λM (ω) > 0.
Based on this decomposition, an analytical and closed-form ex-

pression of the superdirective beamformer was proposed in [16].
Following the same line of principles, we develop, in this part, a
subspace superdirective beamformer. The conventional superdirec-
tive beamformer can be rewritten as

hS (ω) =
M∑
i=1

εi
λi (ω)

(
fif

H
i + f

∗

i f
T
i

)
d (ω)

=
M∑
i=1

ζi (ω) f
′

i (ω) , (21)

where ε1 = 1, εi = 2 ( m = 2, . . . ,M− 1), εM = 1 if M =
M/2 + 1, εM = 2 ifM = (M + 1)/2, and

ζi (ω) =
εi

λi (ω)
, (22)

fi
′ (ω) = �

(
fif

H
i

)
d (ω) , (23)

with �(·) being the real part of a complex number, and we call
fi
′ (ω) a subfilter. Clearly, the conventional superdirective beam-

former consists of a combination of subfilters, where the eigenvalue
λi (ω) in the denominator of (22) plays an important role in the per-
formance of the beamformer. A smaller value of λi (ω) will have a
more impact on the beamformer’s robustness [16].

To improve WNG, we consider to use only N subfilters with
N �M and construct a subspace superdirective beamformer as

hN (ω) = κ (ω)
N∑
i=1

ζi (ω) f
′

i (ω) = κ (ω)F′N (ω) ζN (ω) , (24)

where κ (ω) is a constant to meet the distortionless constraint,

ζN (ω) =
[
ζ1 (ω) ζ2 (ω) · · · ζN (ω)

]T
(25)

is a vector of length N , and

F
′

N (ω) =
[
f ′1 (ω) f ′2 (ω) · · · f ′N (ω)

]
(26)

is a matrix of size M ×N .
Substituting (24) into the distortionless constraint, we get the

first class of subspace superdirective beamformers:

hN (ω) =
F′N (ω) ζN (ω)

dH (ω)F′N (ω) ζN (ω)
. (27)

Clearly, the performance of hN (ω) is strongly influenced by the
dimension of the subspace. By playing with the value of N , we can
obtain different beamformers.

• For N = M, we get the conventional superdirective beam-
former: hM (ω) = hS (ω).

• For N = 1, we obtain an averaging filter: h1 (ω) ∝[
1 1 · · · 1

]T
. Strictly speaking, this filter is not a

beamformer with a UCA as it cannot produce a main beam.
To produce a main beam along the source direction, we have
to take N ≥ 2.

• For 2 < N < M, we obtain beamformers who have
higher WNG but lower DF than the conventional superdirec-
tive beamformer.

4.3. Subspace Superdirective Beamforming based on Joint Di-

agonalization

Alternately, we can develop a subspace superdirective beamformer
based on the joint diagonalization of the desired and noise sig-
nals pseudo-coherence matrices [19]. The two Hermitian matrices
Γx (ω) and Γd (ω) can be jointly diagonalized as [19, 33]:

B
H (ω)Γx (ω)B (ω) = Λ

′ (ω) , (28)

B
H (ω)Γd (ω)B (ω) = IM , (29)

where

B (ω) =
[
b1 (ω) b2 (ω) · · · bM (ω)

]
(30)

is an M ×M full-rank square matrix and

Λ
′ (ω) = diag

[
λ′1 (ω) , 0, . . . , 0

]
(31)

is an M ×M diagonal matrix.
It is easy to verify that the only nonnull eigenvalue is

λ′1 (ω) = d
H (ω)Γ−1

d (ω)d (ω) , (32)

whose corresponding eigenvector is

b1 (ω) =
Γ−1

d (ω)d (ω)√
dH (ω)Γ−1

d (ω)d (ω)
. (33)

It is clearly seen that the conventional superdirective beamformer is
also

hS (ω) =
1√

λ′1 (ω)
b1 (ω) , (34)

which only uses the first eigenvector.
We observe that the joint diagonalizing matrix, B (ω), consti-

tutes an M dimensional space, where the first vector (with the maxi-
mum eigenvalue) corresponds to the signal subspace and the remain-
ing M − 1 vectors (with zero eigenvalues) correspond to the noise
subspace. While the conventional superdirective beamformer only
uses the first vector, the remaining M − 1 vectors can be used to



improve the robustness of the beamformer. We consider subspace
superdirective beamformers with the following form:

hN (ω) =
N∑

n=1

Anbn (ω) = BN (ω)aN (ω) , (35)

where An, n = 1, 2, . . . , N (1 ≤ N ≤ M ), are arbitrary numbers
with at least one of them different from 0,

aN (ω) =
[
A1 (ω) A2 (ω) · · · AN (ω)

]T
(36)

is a vector of length N , and

BN (ω) =
[
b1 (ω) b2 (ω) · · · bN (ω)

]
(37)

is a matrix of size M × N , which contains the first N columns of
B (ω).

With the beamformer given in (35), the WNG can be expressed
as

W [hN (ω)] =

∣∣aH
N (ω)BH

N (ω)d (ω)
∣∣2

aH
N (ω)BH

N (ω)BN (ω)aN (ω)
. (38)

Maximizing the WNG subject to the distortionless constraint and
substituting the result into (35), we get the second class of subspace
superdirective beamformers:

hN (ω) =
PBN

(ω)d (ω)

dH (ω)PBN
(ω)d (ω)

, (39)

where

PBN
(ω) = BN (ω)

[
B

H
N (ω)BN (ω)

]−1

B
H
N (ω) . (40)

The performance of hN (ω) is also strongly influenced by the di-
mension of the subspace. By playing with the value of N , we obtain
different beamformers.

• For N = 1, we obtain the conventional superdirective beam-
former: h1 (ω) = hS (ω).

• For N = M , we obtain the delay-and-sum (DS) beamformer:
hM (ω) = hDS (ω) =

1
M
d (ω).

• For 1 < N < M , we obtain beamformers whose DFs and
WNGs are in between those of the conventional superdirec-
tive and DS beamformers.

5. SIMULATIONS

In simulations, we consider a UCA consisting of eight closely spaced
microphones, with r = 3 cm. The desired signal impinges on the
array from the incidence angle θs = 0.

The WNG and the DF of the first class of subspace superdirec-
tive beamformers (with N = 2, 3, 4, 5) are plotted in Fig. 1 as a
function of frequency. It is seen that, as the value of N increases
from 2 to 5, the DF increases while the value of the WNG decreases.
For N = 5, we get the conventional superdirective beamformer,
which has a high DF but suffers from significant white noise amplifi-
cation, particularly at low frequencies. So, the compromise between
a good DF and a reasonable value of the WNG can be achieved by
choosing a proper value of N .

The WNG and the DF of the second class of subspace superdi-
rective beamformers (with N = 1, 3, 5, 8) are plotted in Fig. 2. For
N = 1, this subspace superdirective beamformer degenerates to the
conventional superdirective beamformer. For N = 8, it becomes
the DS beamformer, which has the maximum WNG but its DF is
small. Similar to the first class of subspace superdirective beam-
formers, this second class can also achieve a relatively high DF with
a reasonable value of the WNG by choosing a proper value of N .
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Fig. 1. Performance of the first class of subspace superdirective
beamformers: (a) DF and (b) WNG. r = 3 cm, M = 8, and θs = 0.
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Fig. 2. Performance of the second class of subspace superdirective
beamformers: (a) DF and (b) WNG. r = 3 cm, M = 8, and θs = 0.

6. CONCLUSIONS

Superdirective beamforming has been intensively studied for its abil-
ity to achieve high directivity factors (DFs). However, superdirective
beamformers are found to be sensitive to sensors’ noise and mis-
match between sensors, particularly at low frequencies. This paper
studied the problem of robust superdirective beamforming with uni-
form circular arrays (UCAs). We developed two classes of subspace
superdirective beamformers. By choosing properly the dimension of
the subspace, the developed beamformers can achieve a good com-
promise between a large DF and a reasonable value of the white
noise gain (WNG). Simulation results demonstrated the good prop-
erties of the proposed subspace superdirective beamformers.
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