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On the Design of Frequency-Invariant Beampatterns
With Uniform Circular Microphone Arrays

Gongping Huang, Student Member, IEEE, Jacob Benesty, and Jingdong Chen, Senior Member, IEEE

Abstract—This paper deals with two critical issues about uni-
form circular arrays (UCAs): frequency-invariant response and
steering flexibility. It focuses on some optimal design of frequency-
invariant beampatterns in any desired direction along the sensor
plane. The major contributions are as follows. 1) We explain how to
include the steering information in the desired directivity pattern.
2) We show that the optimal approximation of the beamformer’s
beampattern with a UCA from a least-squares error perspective
is the Jacobi–Anger expansion. 3) We develop an approach to the
design of any desired symmetric directivity pattern, where the de-
duced beampattern is almost frequency invariant and its main
beam can be pointed to any wanted direction in the sensor plane.
4) With the proposed approach, we derive an explicit form of the
white noise gain (WNG) and the directivity factor (DF), and ex-
plain clearly the white noise amplification problem at low frequen-
cies and the DF degradation at high frequencies. The analysis also
indicates that increasing the number of microphones can always
improve the WNG. We show that the proposed method is a general-
ization of circular differential microphone arrays. The relationship
between the proposed method and the so-called circular harmonics
beamformers is also discussed.

Index Terms—Microphone arrays, uniform circular arrays,
beampattern design, frequency-invariant beampattern, steering,
fixed beamforming, white noise gain, directivity factor.

I. INTRODUCTION

M ICROPHONE array beamforming, which aims at recov-
ering a signal of interest from noisy observations with

a spatial filter, has been widely used in voice communications
and human-machine interfaces. Much attention has been paid to
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Matériaux et Télécommunications (INRS-EMT), University of Quebec,
Montreal, QC H5A 1K6, Canada (e-mail: benesty@emt.inrs.ca).

J. Chen is with the Center of Intelligent Acoustics and Immersive Com-
munications, Northwestern Polytechnical University, Xi’an, Shaanxi 710072,
China (e-mail: jingdongchen@ieee.org).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TASLP.2017.2689681

this area and many interesting techniques have been developed
in the literature [1]–[21]. One of the most popular algorithms
is the delay-and-sum (DS) beamforming [7], [8]. However, the
response of this beamformer is frequency dependent, and its
beamwidth is inversely proportional to the frequency, so the DS
beamformer is not effective in dealing with low-frequency noise
and interference. Moreover, the noise is not uniformly attenu-
ated over its entire spectrum, which results in some disturbing
artifacts at the array output [10]. To deal with these problems,
many broadband beamforming techniques, such as nested arrays
[11], narrowband decomposition beamforming [12], differen-
tial beamforming [13]–[16], and modal beamforming [17]–[27],
have been developed over the last few decades.

Among those, differential beamforming with small and com-
pact apertures has attracted much research interest since it can
form frequency-invariant beampatterns, and has the potential
to attain high directional gains [13]–[15], [28]. Conventional
design of differential microphone arrays (DMAs) lacks flex-
ibility in forming different patterns and suffers from serious
white noise amplification [2], [29], making it very challenging
to implement DMAs in practical systems. A new approach to
differential beamforming was developed recently [10], which
can overcome the aforementioned drawbacks. In this method,
linear DMAs (LDMAs) are designed in the short-time Fourier
transform (STFT) domain with some null constraints from the
desired directivity pattern. However, LDMAs do not have much
flexibility in terms of beam steering; the maximum flexibility of
designing different directivity pattens and optimal performance
in terms of DF occur only at the angles 0◦ and 180◦ [2], [10].
This is why in the design of LDMAs, we always assume that
the desired source signal propagates from the endfire directions
[10]. In applications where beam steering is needed, one may
consider to use circular arrays, which have much better steering
capabilities [30]–[32].

Differential beamforming with circular microphone arrays
have been studied in [30], where spatial filters are obtained
by solving some linear systems of equations determined by
null constraints from the desired directivity pattern. With a
uniform circular array (UCA) consisting of M microphones,
a differential beamformer is guarantied to perfectly steer to
M different directions, i.e., the M angular positions of the
array elements. However, theory is still lacking on how to
steer the beampattern of a circular differential microphone array
(CDMA) to any direction. Another widely used technique to de-
sign frequency-invariant beamformers is the circular harmonics
beamformers (CHBs) [17]–[19]. Generally, CHBs are based on
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decomposing the sound field into a series of circular harmonics,
and the beamforming output is then obtained by combining cir-
cular harmonics with appropriate weighting coefficients. How-
ever, there are still many important questions to be answered
with CHBs, such as how to design CHBs in a more flexible way,
i.e., with any desired symmetric directivity pattern, what is the
connection between CDMAs and CHBs, etc.

This paper attempts to answer the aforementioned questions
and presents new insights into the design of frequency-invariant
beampatterns with UCAs. The major contributions are as fol-
lows. First, we explain how to include the steering information
in the desired directivity pattern. Second, we show that the opti-
mal approximation of the beamformer beampattern with a UCA
from a least-squares error (LSE) perspective is the Jacobi-Anger
expansion. Third, based on this approximation, we develop a
new approach to the design of any desired symmetric directiv-
ity pattern, where the deduced beampattern is almost frequency
invariant and its main beam can be pointed at any look direc-
tion in the sensor plane. Fourth, with the proposed approach,
we derive an explicit form of the white noise gain (WNG) and
the directivity factor (DF), and explain the white noise ampli-
fication problem at low frequencies and the DF degradation at
high frequencies. Our analysis also shows that increasing the
number of microphones can always improve the WNG. Finally,
we show the relation of the proposed approach with CDMAs
and CHBs.

The remainder of this paper is organized as follows.
Section II presents the signal model, problem formulation, and
performance measures. Section III describes two fundamen-
tal ways to illustrate the desired symmetric directivity pattern.
Section IV discusses how to optimally approximate the
beamformer beampattern and design frequency-invariant beam-
formers from any desired symmetric directivity pattern.
Section V presents some simulation results to validate the
theoretical derivations. Finally, some conclusions are given in
Section VI.

II. SIGNAL MODEL, PROBLEM FORMULATION, AND

PERFORMANCE MEASURES

In this study, we consider a farfield source signal (plane wave),
that propagates in an anechoic acoustic environment at the speed
of sound, i.e., c = 340 m/s, and impinges on a UCA composed
of M omnidirectional microphones with radius r. Without loss
of generality, we assume that all the sensors are in the hori-
zonal plane, the center of the UCA coincides with the origin
of the Cartesian coordinate system, the direction of the source
signal to the array is parameterized by the azimuth angle θ, the
azimuth angles are measured anti-clockwise from the x axis,
i.e., at θ = 0, and sensor 1 of the array is placed on the x axis,
i.e., at θ = 0. In this scenario, the steering vector of length M
is [33], [34]

d (ω, θ) =
[
ej� cos(θ−ψ1 ) · · · ej� cos(θ−ψM )

]T
, (1)

where the superscript T is the transpose operator, j is the imag-
inary unit with j2 = −1, � = ωr/c, ω = 2πf is the angular

frequency, f > 0 is the temporal frequency, and

ψm =
2π(m− 1)

M
(2)

is the angular position of the mth array element. The acoustic
wavelength is λ = c/f and, for a UCA, the interelement spacing
is

δ = 2r sin
( π

M

)
. (3)

In order to avoid spatial aliasing, which has the negative effect
of generating grating lobes (i.e., copies of the main lobe, which
usually points toward the desired signal), it is assumed that
δ ≤ λ/2 [10], [30], [35]. From the approximation δ ≈ 2πr/M ,
an equivalent manner to express the previous condition is

� ≤ M

2
. (4)

Consider the general case where the desired signal comes
from the direction θs and the corresponding propagation vector
is d (ω, θs). Then, our objective is to design a beampattern from
a desired directivity pattern whose main beam points in the
direction θs and, at the same time, is frequency invariant. For
that, a complex weight, H∗

m (ω), m = 1, 2, . . . ,M , is applied
to the output of the mth sensor, where the superscript ∗ denotes
complex conjugation. The weighted outputs are then summed
together to form the fixed beamformer output. Putting all the
gains together in a vector of length M , we get

h (ω) =
[
H1(ω) H2(ω) · · · HM (ω)

]T
. (5)

Sometimes the distortionless constraint in the desired look di-
rection is needed, i.e.,

hH (ω)d (ω, θs) = 1, (6)

where the superscript H is the conjugate-transpose operator.
The three most important performance measures to evaluate

how the fixed beamformer, h (ω), performs are the beampattern,
the directivity factor (DF), and the white noise gain (WNG).

The beampattern describes the sensitivity of the fixed beam-
former to a plane wave impinging on the UCA from the
direction θ. Mathematically, it is defined as

B [h (ω) , θ] = hH (ω)d (ω, θ)

=
M∑

m=1

H∗
m (ω)ej� cos(θ−ψm ) . (7)

So, for a well designed filter, h (ω), |B [h (ω) , θs ]|2 should
be maximal at θ = θs and |B [h (ω) , θ]|2 < |B [h (ω) , θs ]|2 for
θ �= θs .

Given a beampattern B [h (ω) , θ], the DF quantifies its direc-
tional property, which in turn tells the ability of the beamformer
in suppressing spatial noise from directions other than the look
direction. The DF is defined as the ratio between the mag-
nitude squared beampattern in the desired look direction and
the averaged magnitude squared beampattern over the entire
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space [30], [36]. With our signal model, the DF is given by

D [h (ω)] =

∣
∣hH (ω)d (ω, θs)

∣
∣2

hH (ω)Γd (ω)h (ω)
, (8)

where the elements of the M ×M matrix Γd (ω) are given by

[Γd (ω)]ij = sinc
(
ωδij
c

)
, (9)

with i, j = 1, 2, . . . ,M ,

sinc(x) =
sinx
x

, (10)

and

δij = 2r
∣
∣
∣
∣sin

[
π (i− j)
M

]∣
∣
∣
∣ (11)

being the distance between sensors i and j. It can be shown
that Γd (ω) is a circulant matrix. Obviously, D [h (ω)] ≤
dH (ω, θs)Γ−1

d (ω)d (ω, θs) , ∀h (ω).
An array is far to be perfect; not only its sensors contain self

noise, mismatch among sensors is also unavoidable. These im-
perfections may also affect the performance of the beamformer
and the degree of the impact depends on the level of the im-
perfection as well as the beamforming algorithm. An effective
measure that evaluates the performance of a beamformer in the
presence of array imperfection as well as other uncertainties is
the so-called WNG [37], which is defined as

W [h (ω)] =

∣
∣hH (ω)d (ω, θs)

∣
∣2

hH (ω)h (ω)
. (12)

It can be verified that W [h (ω)] ≤M, ∀h (ω).

III. DESIRED DIRECTIVITY PATTERN

It is well known that any desired symmetric directivity pattern
whose main beam points in the direction θ = 0 has the form [38]:

B (aN , θ) =
N∑

n=0

aN,n cos (nθ)

= aTN pc (θ) , (13)

where aN,n , n = 0, 1, . . . , N , are real coefficients, N is called
the order of the beampattern, and

aN =
[
aN,0 aN,1 · · · aN,N

]T
,

pc (θ) =
[
1 cos θ · · · cos (Nθ)

]T
.

The values of the coefficients aN,n , n = 0, 1, . . . , N determine
the shape of the directivity pattern. (The reader is referred to
[30] for the values of the coefficients of widely used directivity
patterns such as the dipole, the cardioid, the supercardioid, and
the hypercardioid.) It may be convenient to use a normalization
convention for these coefficients. For that, in the direction of the
main beam, i.e., θ = 0, we would like the directivity pattern to
be equal to 1, i.e., B (aN , 0) = 1. Therefore, we have

N∑

n=0

aN,n = 1. (14)

As a result, we may choose the first coefficient as

aN,0 = 1 −
N∑

n=1

aN,n . (15)

Since cos θ is an even function, so is B (aN , θ). Therefore, on a
polar plot, B (aN , θ) is symmetric about the axis 0 ↔ π and we
can limit its study to θ ∈ [0, π].

With the ideal form of the beampattern given in (13), the prob-
lem of beamforming becomes one of finding the beamforming
filter, h (ω), such that the designed beampattern, B [h (ω) , θ],
approaches the target beampattern, B (aN , θ), that is specified
by the set of coefficients aN,n , n = 0, 1, . . . , N . This can be
done using the method developed in [30], where the filter is
obtained from the solution of a linear system constructed from
the null information of B (aN , θ). However, the designed beam-
former can only be steered to M directions (without any beam-
pattern deformation) where the M sensors are located. An-
other way to determine this filter is by solving a linear system
constructed by approximating the beampattern with the Jacobi-
Anger series expansions. However, this method does not im-
prove the steering ability, i.e., perfect steering is still limited to
the M directions.

In this paper, we attempt to generalize the method in [30]
to design frequency-invariant beampatterns with UCAs, which
can be steered to any directions in the plane in which the sensors
are located. Let θs be the steering angle, the directivity pattern:

B (aN , θ − θs) = aTN pc (θ − θs) , (16)

is a simple version of B (aN , θ) rotated by the angle θs ; so
now the main beam of (16) points in the direction θs and
B (aN , θ − θs) is symmetric about the axis θs ↔ θs + π, with
θ ∈ [θs , θs + π].

The formulation in (13) is often associated with linear arrays.
However, for two-dimensional arrays where steering is impor-
tant, (13) or (16) may not be complete. Another interesting and
fundamental way to write (13) when the steering is part of the
design of the beampatterns is

B (aN , θ) =
1
2

N∑

n=0

aN,n
(
ejnθ + e−jnθ

)

= aN,0 +
1
2

N∑

i=1

aN,ie
jiθ +

1
2

−1∑

i=−N
aN,−iejiθ

=
N∑

n=−N
b2N,ne

jnθ

=
N∑

n=−N
b2N,ne

−jnθ

= bT2N pe (θ)

= B (b2N , θ) , (17)
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where
{
b2N,0 = aN,0

b2N,i = b2N,−i =
1
2
aN,i , i = 1, 2, . . . , N

(18)

and

b2N =
[
b2N,−N · · · b2N,0 · · · b2N,N

]T
,

pe (θ) =
[
e−jN θ · · · 1 · · · ejN θ

]T
.

The vector pe (θ) of length 2N + 1 is composed of circular
harmonics of different orders. At the steering angle θs , we have

B (b2N , θ − θs) = bT2N pe (θ − θs)

= [Υ (θs)b2N ]T pe (θ)

= cT2N (θs)pe (θ)

= B [c2N (θs) , θ] , (19)

where

Υ (θs) = diag
(
ejN θs , . . . , 1, . . . , e−jN θs

)
(20)

is a diagonal matrix and

c2N (θs)

=
[
c2N,−N (θs) · · · c2N,0 (θs) · · · c2N,N (θs)

]T

= Υ (θs)b2N . (21)

This shows that a rotation of the directivity pattern corresponds
to a simple modification of its coefficients. In other words,
these new coefficients [which are the components of c2N (θs)]
not only determine the shape of the directivity pattern but also
the direction of the main beam. This comes at a price: the
number of coefficients is now equal to 2N + 1 instead of N
when steering is not taken into account. This time θ ∈ [0, 2π].
Therefore, our desired directivity pattern is B [c2N (θs) , θ]. In
practice, the shape of the beampattern is determined by aN
(which is given by design) and the steering by θs ; then, b2N is
obtained from (18) and c2N (θs) from (21). The normalization
convention on aN , which will always be used here, implies that
B [c2N (θs) , θs ] = 1.

IV. BEAMPATTERN DESIGN

In this section, we first give an alternative expression of the
beamformer beampattern and show how to optimally approxi-
mate it. From this approximation, we then show how to design
any desired symmetric directivity pattern. The deduced beam-
pattern is almost frequency invariant and its main beam can be
pointed at any desired direction.

A. Optimal Approximation of the Beamformer Beampattern

In order to be able to design any desired directivity pat-
tern, B [c2N (θs) , θ], with B [h (ω) , θ], where h (ω) has to
be derived accordingly, we need to approximate the expo-
nential function that appears in (7) in terms of circular har-
monics since B [c2N (θs) , θ] is also a decomposition of these

harmonics. Since the complex-valued exponential function is in-
finitely differentiable with respect to the variable θ, we can find
the complex-valued coefficients sn , n = 0,±1,±2, . . . such
that [38]

ej� cos(θ−ψm ) = lim
N→∞

N∑

n=−N
sne

−jnθ . (22)

By limiting the above series to a fixed order of N , we obtain
the corresponding partial sum. Now, we propose to find the
coefficients sn , n = 0,±1, . . . ,±N in the best possible way
in a least-squares error (LSE) sense, i.e., by minimizing the
criterion [39]:

LSE (s2N )

=
1
2π

∫ 2π

0

∣
∣
∣
∣
∣
e−j� cos(θ−ψm ) −

N∑

n=−N
s∗ne

jnθ

∣
∣
∣
∣
∣

2

dθ

=
1
2π

∫ 2π

0

∣
∣
∣e−j� cos(θ−ψm ) − sH2N pe (θ)

∣
∣
∣
2
dθ

= 1 − vHe (j�ψm ) s2N − sH2N ve (j�ψm )

+ sH2NMes2N , (23)

where

s2N =
[
s−N · · · s0 · · · sN

]T
,

ve (j�ψm ) =
1
2π

∫ 2π

0
ej� cos(θ−ψm )pe (θ) dθ,

Me =
1
2π

∫ 2π

0
pe (θ)pHe (θ) dθ.

The minimization of the LSE criterion gives the optimal
solution:

s2N = M−1
e ve (j�ψm ) . (24)

Let us take a close look at ve (j�ψm ) and Me . As shown in
Appendix A, we have

[ve (j�ψm )]n = jnejnψm Jn (�) . (25)

The elements of the matrix Me are

[Me ]ij =
1
2π

∫ 2π

0
ejiθ e−jjθ dθ, (26)

with i, j = 0,±1, . . . ,±N . It is easy to verify that

{
[Me ]ii = 1,
[Me ]ij = 0, i �= j

.

As a result, Me = I2N+1 , where I2N+1 is the (2N + 1) ×
(2N + 1) identity matrix, and the exponential function given
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in (22) can be expressed as

ej� cos(θ−ψm ) =
∞∑

n=−∞
jnJn (�) e−jn(θ−ψm )

=
∞∑

n=−∞
jnJn (�) ejn(θ−ψm )

= J0 (�) + 2
∞∑

n=1

jnJn (�) cos [n (θ − ψm )] ,

(27)

where Jn (�) is the n th-order Bessel function of the first kind
with J−n (�) = (−1)nJn (�). Expression (27) is the well-
known Jacobi-Anger expansion [40].

Substituting (27) into the beampattern of the fixed beam-
former, h (ω), we obtain

B [h (ω) , θ] =
M∑

m=1

H∗
m (ω) ej� cos(θ−ψm )

=
M∑

m=1

H∗
m (ω)

∞∑

n=−∞
jnJn (�) ejn(θ−ψm )

=
∞∑

n=−∞
ejnθ

[
M∑

m=1

jnJn (�) e−jnψm H∗
m (ω)

]

.

(28)

If we limit the expansion to the order ±N , B [h (ω) , θ] can be
approximated by

B2N [h (ω) , θ]

=
N∑

n=−N
ejnθ

[
M∑

m=1

jnJn (�) e−jnψm H∗
m (ω)

]

, (29)

which is the best approximation of the beampattern from an
LSE perspective.

B. Design by Identification

It is assumed that M ≥ 2N + 1. Then, the approximate
beampattern in (29) can be rewritten as

B2N [h (ω) , θ] =
N∑

n=−N
ejnθ jnJn (�)ψT

n h∗ (ω) , (30)

where

ψn =
[
e−jnψ1 e−jnψ2 · · · e−jnψM

]T
. (31)

Now, let B2N [h (ω) , θ] to be same as B [c2N (θs) , θ], we have

B2N [h (ω) , θ] = B [c2N (θs) , θ]

= cT2N (θs)pe (θ)

=
N∑

n=−N
c2N,n (θs) ejnθ . (32)

It follows then that

Ψ∗h∗ (ω) = J (�) c2N (θs) (33)

or, equivalently,

Ψh (ω) = J∗ (�)Υ∗ (θs)b2N , (34)

where

J (�) = diag
[

1
j−N J−N (�)

, . . . ,

1
J0 (�)

, . . . ,
1

jN JN (�)

]
(35)

is a (2N + 1) × (2N + 1) diagonal matrix and

Ψ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ψH
−N
...
ψH

0
...
ψH
N

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(36)

is a (2N + 1) ×M matrix. Since ΨH is a full-column rank
matrix, we can take the minimum-norm solution of (34):

hMN (ω) = ΨH
(
ΨΨH

)−1
J∗ (�)Υ∗ (θs)b2N . (37)

The elements of the matrix ΨΨH are ψH
i ψj , i, j =

0,±1,±2, . . . ,±N . It is clear that

ψH
i ψi = M,

while for i �= j,

ψH
i ψj =

M∑

m=1

ej(i−j )ψm

=
M∑

m=1

ej2π (i−j )(m−1)/M

=
1 − ej2π (i−j )

1 − ej2π (i−j )/M = 0.

As a consequence, ΨΨH = MIM , where IM is the M ×M
identity matrix, and (37) simplifies to

hMN (ω) =
1
M

ΨHJ∗ (�)Υ∗ (θs)b2N

=
1
M

ΨHJ∗ (�) c∗2N (θs) . (38)

C. Performance Analysis

Now, let us evaluate the beampattern of hMN (ω) from (28),
which it is equal to (7). We have

B [hMN (ω) , θ] =
∞∑

l=−∞
ejlθ jlJl (�)ψT

l h∗
MN (ω)

=
1
M

∞∑

l=−∞
ejlθ jlJl (�)ψT

l ΨT J (�) c2N (θs) .

(39)
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Using the fact that ψT
l ΨT = 0 for l �= mM + n with m ≥ 0

and n = 0,±1,±2, . . . ,±N , we can express (39) as

B [hMN (ω) , θ]

=
∞∑

m=0

jmM ejmM θ
N∑

n=−N
ejnθ

JmM+n (�)
Jn (�)

c2N,n (θs)

=
N∑

n=−N
ejnθ c2N,n (θs) +

N∑

n=−N

c2N,n (θs)
jnJn (�)

×
∞∑

m=1

jmM+nej(mM+n)θJmM+n (�)

= cT2N (θs)pe (θ) +
N∑

n=−N

c2N,n (θs)
jnJn (�)

×
∞∑

m=1

ej(mM+n)(θ+π/2)JmM+n (�)

= B [c2N (θs) , θ] +
N∑

n=−N

c2N,n (θs)
jn

Sn (�, θ) , (40)

where

Sn (�, θ) =
∞∑

m=1

ej(mM+n)(θ+π/2) JmM+n (�)
Jn (�)

(41)

is a convergent series. Since mM + n ≥ � according to (4),
JmM+n (�) /Jn (�) is close to 0. The coefficient c2N,n (θs) is
within the range of (0, 1). As a result, the second term on the
right-hand side of (40) can be neglected and

B [hMN (ω) , θ] ≈ B [c2N (θs) , θ] , (42)

proving that the designed beampattern is very close to the de-
sired directivity pattern. This result is quite interesting; not only
hMN (ω) can steer in all directions but its beampattern is almost
identical to the desired directivity pattern and is also almost
frequency invariant. Since,

B [c2N (θs) , θs ] ≈ B [hMN (ω) , θs ] ≈ 1, (43)

we deduce that

hHMN (ω)d (ω, θs) ≈ 1. (44)

The WNG is

W [hMN (ω)] =

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

hHMN (ω)hMN (ω)

=
M

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

cT2N (θs)J (�)J∗ (�) c∗2N (θs)

=
M

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

bT2N J (�)J∗ (�)b2N

=
M

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

∑N
n=−N

b22N,n
J2
n (�)

=
M

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

a2
N,0

J2
0 (�)

+
1
2

N∑

n=1

a2
N,n

J2
n (�)

≈ M

a2
N,0

J2
0 (�)

+
1
2

N∑

n=1

a2
N,n

J2
n (�)

. (45)

We observe that the WNG depends clearly on M but M is not
connected to N (note, however, that the design of a directivity
pattern of orderN requires at leastM = 2N + 1 microphones).
As a consequence, for a fixed value of the order, we can always
improve the WNG by increasing the number of sensors.

In the same way, the DF is

D [hMN (ω)] =

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

hHMN (ω)Γd (ω)hMN (ω)

=
M 2

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

cT2N (θs)J (�)ΨΓd (ω)ΨHJ∗ (�) c∗2N (θs)
.

(46)

Since Γd (ω) is a circulant matrix, it can be decomposed as [41]

Γd (ω) = FΛ (ω)FH , (47)

where

F =
1√
M

[
f1 f2 · · · fM

]
(48)

is the Fourier matrix and

Λ (ω) = diag [λ1(ω), λ2(ω), . . . , λM (ω)] (49)

is a diagonal matrix. The eigenvectors in (48) can be written in
terms of the positions of the sensors, i.e.,

fm =
[
1 ej2π (m−1)/M · · · ej2π (m−1)(M−1)/M

]T

=
[
ej(m−1)ψ1 ej(m−1)ψ2 · · · ej(m−1)ψM

]T

= ψ∗
m−1 . (50)
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Therefore, the Fourier matrix is also

F =
1√
M

[
ψ∗

0 ψ∗
1 · · · ψ∗

M−1
]

=
1√
M

[
Ψ1 Ψ2 Ψ3

]
, (51)

where

Ψ1 =
[
ψ∗

0 ψ∗
1 · · · ψ∗

N

]
,

Ψ2 =
[
ψ∗
N+1 ψ∗

N+2 · · · ψ∗
M−N−1

]
,

Ψ3 =
[
ψ∗
M−N ψ∗

M−N+1 · · · ψ∗
M−1

]
.

The other matrix of interest ΨH can be rewritten as

ΨH =
[
ψ∗
N · · · ψ∗

0 · · · ψN

]
. (52)

Hence,

FHΨH =
1√
M

⎡

⎢
⎣

ΨH
1

ΨH
2

ΨH
3

⎤

⎥
⎦ΨH

=
√
M

⎡

⎣
IN+1 0

0 0
0 IN

⎤

⎦ , (53)

where IN+1 and IN are the antidiagonal identity matrices of
sizes (N + 1) × (N + 1) and N ×N , respectively, and

ΨΓd (ω)ΨH = ΨFΛ (ω)FHΨH

= Mdiag [λN+1(ω), λN (ω), . . . , λ1(ω),

λM (ω), . . . , λM−N+1(ω)]

= Λ2N (ω) , (54)

where Λ2N (ω) is a diagonal matrix of size (2N+1)×(2N+
1). Taking into account the symmetry of the eigenvalues of a
circulant matrix, i.e., λm+1(ω) = λM−N+1(ω), we can express
(54) as

Λ2N (ω) = Mdiag [λN+1(ω), λN (ω), . . . , λ1(ω),

λ2(ω), . . . , λN+1(ω)] . (55)

Substituting the previous expression into (46), we can finally
write the DF as

D [hMN (ω)] =
M

∣
∣hHMN (ω)d (ω, θs)

∣
∣2

λ1(ω)a2
N,0

J2
0 (�)

+
1
2

N∑

n=1

λn+1(ω)a2
N,n

J2
n (�)

≈ M

λ1(ω)a2
N,0

J2
0 (�)

+
1
2

N∑

n=1

λn+1(ω)a2
N,n

J2
n (�)

. (56)

Generally, the ratio λn+1(ω)/J2
n (�) in (56) does not change

much with frequency. So, the DF is almost frequency invariant.
However, this ratio may change significantly when the Bessel
function, Jn (�), approaches to zero. In this case, the beam-
former may suffer from significant degradation in performance,
which will be discussed in the next subsection.

D. Impact of Bessel Nulls

It is seen from (33)–(35) as well as from Appendix A that the
beamforming coefficients are functions of the Bessel functions
of different orders. The beamformer may suffer from signifi-
cant degradation at some frequencies where those Bessel func-
tions approach zero. One way to circumvent this problem is
through using a rigid baffled circular array, where the sensors
are mounted on a rigid, infinite cylinder (or sphere), and the
sound wave is scattered by the cylinder [18], [44]. Then, the
pressure is the superposition of the incident pressure and scat-
tered pressure. In this case, the Bessel function Jn (�) in (27)
is replaced by [18], [44]

J̄n (�) = Jn (�) − J ′
n (ε�)

H ′(1)
n (ε�)

H(1)
n (�), (57)

where H(1)
n (�) is the n th-order Hankel function of the first

kind, the superscript ′ denotes the derivative operation, and ε =
ra/r, with ra being the radius of the cylinder.

Another way to deal with the Bessel null problem is through
using a concentric circular array, which consists of multiple rings
of microphones. With this approach, the beamformer design
process is similar to that of circular arrays; but the performance
of the resulting beamformer is significantly less affected or even
unaffected by Bessel nulls [45].

V. EVALUATION AND ANALYSIS

In this section, we study the performance of the developed
beamforming approach in (38) through simulations. The pro-
posed frequency-invariant beamformer is deduced from the op-
timal approximation of the beampattern from an LSE perspec-
tive, so we call it FIB-LSE for short. In the remainder of this
paper, unless specified otherwise, we only focus on the design
of the second-order supercardioid [10], whose coefficients are
given by

b2N =
[
0.1035 0.242 0.309 0.242 0.1035

]T
.

A. Performance Evaluation

We first study the steering ability of the FIB-LSE.
We set M = 8, r = 1.5 cm, f = 1000 Hz, and θs ∈
{0◦, 15◦, 30◦, 60◦, 80◦, 100◦, 120◦, 150◦}. The designed beam-
patterns are plotted in Fig. 1, where red arrows point to the
desired directions. Fig. 1(a) plots the beampattern of the FIB-
LSE steered in the direction θs = 0◦, which has a one at 0◦ and
two nulls at 106◦ and 153◦. Fig. 1(b)–(h) show beampatterns of
the FIB-LSE steered to other directions. One can see that perfect
steering is possible to these directions and all beampatterns are
symmetric about the axis θs ↔ θs + π.

We then evaluate the WNG and DF performance of the FIB-
LSE. Fig. 2 plots the DF and the WNG as a function of frequency
with r = 1.5 cm, for M ∈ {5, 8, 12} (note that increasing the
number of microphones with fixed radius leads to a smaller
interelement spacing). As one can see, the beamformer has a
very small value of WNG at low frequencies, indicating that
this beamformer significantly amplifies white noise. It is seen
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Fig. 1. Beampatterns of the FIB-LSE for different steering directions, θs :
(a) θs = 0◦, (b) θs = 15◦, (c) θs = 30◦, (d) θs = 60◦, (e) θs = 80◦, (f) θs =
100◦, (g) θs = 120◦, and (h) θs = 150◦. Conditions of simulation: M = 8,
r = 1.5 cm, and f = 1000 Hz.

that for fixed values of the order and the radius, increasing the
number of microphones can slightly improve the WNG without
changing the DF. Certainly, increasing both the number of mi-
crophones, i.e., the value of M and the interelement spacing, δ,
can further improve the WNG. Fig. 3 plots the WNG and the
DF as a function of frequency with δ = 1.15 cm [r is obtained
according to (3)], forM ∈ {5, 8, 12}. By comparing with Fig. 2,
it is clearly seen that the WNG is considerably improved when
increasing the number of microphones. However, this comes at

Fig. 2. DF and WNG of the FIB-LSE as a function of the frequency, f ,
for different numbers of microphones: (a) DF and (b) WNG. Conditions of
simulation: r = 1.5 cm.

Fig. 3. DF and WNG of the FIB-LSE as a function of the frequency, f ,
for different numbers of microphones: (a) DF and (b) WNG. Conditions of
simulation: δ = 1.15 cm.
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Fig. 4. The value of λn+1 (�) and J 2
n (�) as a function of the frequency, f ,

for different orders, n: (a) λn+1 (�) and (b) J 2
n (�). Conditions of simulation:

M = 8 and r = 1.5 cm.

a price of a larger array aperture and the DF degradation at high
frequencies.

While the beampattern is almost frequency invariant, it is
worth noticing that the DF suffers from slight degradation at
high frequencies as seen in Fig. 3. As shown in (56), to achieve
a frequency-invariant beampattern, λn+1(ω)/J2

n (�) should be
a constant. To see this clearly, we set M = 8, r = 1.5 cm, and
show the eigenvalue, λn+1(ω), the squared Bessel function,
J2
n (�), the ratio between λn+1 (�) and J2

n (�), and the DF
as a function of frequency. The results are plotted in Figs. 4
and 5. Fig. 4 shows that the eigenvalues and the squared Bessel
functions have almost the same trend with frequency. Fig. 5(a)
shows that the ratio between λn+1 (�) and J2

n (�) remains
broadly constant over frequency for all orders except for n = 0.
For n = 0, the ratio first keeps constant and then increases with
frequency, which explains the reason for the DF degradation at
high frequencies. [In fact, this is mainly caused by the zeros
of the Bessel function, the value of λn+1(ω)/J2

n (�) changes
near the zeros. Since the lower-order Bessel function’s first zero
appears at a lower frequency, the performance degradation of a
small size array is mainly caused by the low-order components.]
As shown in Fig. 5(b), the DF with different orders, N , suffers
from similar performance degradation at high frequencies. Note
that this problem can be circumvented through using concentric
circular microphone arrays, which is, however, beyond the scope
of this paper.

Fig. 5. The value of λn+1 (�) /J 2
n (�) and the DF as a function of the

frequency, f , for different orders, n (orN ): (a) λn+1 (�) /J 2
n (�) and (b) DF.

Conditions of simulation: M = 8 and r = 1.5 cm.

Fig. 6. DF and WNG of the FIB-LSE a function of the frequency, f , for
different orders, N : (a) DF and (b) WNG. Conditions of simulation: M = 8
and r = 1.5 cm.
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Fig. 7. Three-dimensional beampatterns of the CDMA and the FIB-LSE:
(a) CDMA design with null constraints, (b) CDMA design with Jacob-Anger
expansion, and (c) FIB-LSE. Conditions of simulation: M = 8, r = 1.5 cm,
and θs = 0.

In this simulation, we investigate how the FIB-LSE beam-
former behaves at high frequencies with spatial aliasing. Fig. 6
plots the DF and the WNG of the FIB-LSE beamformer, both
as a function of the frequency with M = 8, r = 1.5 cm, for
N ∈ {1, 2, 3}, where the coefficients of the first-order and third-
order supercardioids are, respectively,

b2N =
[
0.293 0.414 0.293

]T

and

b2N =
[
0.036 0.1185 0.216 0.259 0.216 0.1185 0.036

]T
.

Clearly, both the DF and the WNG suffer from serious perfor-
mance degradation when spatial aliasing occurs, especially at
frequencies higher than 6 KHz. There are different ways to deal
with aliasing problem, most of which require physical changes
to the microphone array [43], [45]. However, this is again be-
yond the main thrust of the paper.

B. Performance Comparison

In this subsection, we compare the proposed FIB-LSE with
CDMA and CHB.

1) Comparison With CDMA: We first compare the proposed
FIB-LSE with CDMA [30], where the CDMA filters are ob-
tained by solving a linear system of equations determined by
the null constraints from the desired directivity pattern or by
approximating the beamformer beampattern with the Jacobi-
Anger expansion. The proposed FIB-LSE is basically a gener-
alization and an improvement of the CDMA developed in [30],
with many advantages as described bellow.

1) The CDMA filters designed with the null constraints
or the Jacobi-Anger expansion is guarantied to steer
only to the M different angles ψm , m = 1, 2, . . . ,M , but
the developed FIB-LSE can steer to any look direction in
the plane where the sensors are located.

2) FIB-LSE is simpler to design since no extra symmetry
constraints are needed as in [30], and it is numerically
more robust and reduces the computational complexity
since only multiplications are needed (the CDMA in [30]
needs matrix inversions).

3) FIB-LSE exhibits a better frequency-invariant property
since its beampatterns are by theory almost frequency
invariant.

We compare the three-dimensional beampatterns of the FIB-
LSE and CDMA designed with the null constraints and the
Jacob-Anger expansion. Fig. 7 shows that all the beamform-
ers can form beampatterns, which are almost frequency invari-
ant, but the FIB-LSE has deeper nulls and exhibits a better
frequency-invariant property.

2) Comparison With CHB: It is also worthy to compare the
FIB-LSE with the CHB [17]–[19]. As shown in Appendix B,
the CHB can be considered as a special case of the FIB-LSE,
i.e., the CHB designs the hypercardioid pattern. This is an im-
portant property, which gives new insights into the design of
frequency-invariant beampatterns. It also establishes the theo-
retical relationship between CDMA and CHB, which makes it
possible to design CDMA and CHB under the same framework.

Let us consider the design, with the FIB-LSE, of the second-
order dipole, cardioid, supercardioid, and hypercardioid (for this
one, the FIB-LSE and CHB are the same), and compare their
beampatterns, WNGs, and DFs. The coefficients of the second-
order dipole, cardioid, and hypercardioid are given by

dipole :b2N =
[
0.25 0 0.5 0 0.25

]T
,

cardioid :b2N =
[
0.125 0.25 0.25 0.25 0.125

]T
,

hypercardioid :b2N =
[
0.2 0.2 0.2 0.2 0.2

]T
.

Fig. 8 plots the three-dimensional beampatterns. The corre-
sponding WNGs and DFs as a function of frequency are plotted
in Fig. 9. For reference, the beampattern, WNG and DF of the
DS beamformer are also shown, respectively, in Figs. 8 and 9.
As seen, except for the DS beamformer, all the other beamform-
ers can form frequency-invariant beampatterns. While the DS
beamformer has a large WNG, its directivity is very limited.
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Fig. 8. Three-dimensional beampatterns of the DS, CHB, and FIB-LSE: (a) DS, (b) CHB, (c) FIB-LSE: dipole, (d) FIB-LSE: cardioid, and (e) FIB-LSE:
supercardioid. Conditions of simulation: M = 8, r = 1.5 cm, and θs = 0.

Fig. 9. DFs and WNGs of the DS, CHB, and FIB-LSE as a function of
the frequency, f : (a) DF and (b) WNG. Conditions of simulation: M = 8,
r = 1.5 cm, and θs = 0.

Note that the optimal choice of the directivity pattern should
depend on practical situations.

VI. CONCLUSION

Frequency-invariant beamforming has been extensively stud-
ied in the literature as it has the great potential to be used in
processing broadband signals. This paper studied the design
of frequency-invariant beampatterns with UCAs. We first ex-
pressed the desired symmetric directivity pattern as a function
of circular harmonics and introduce the important steering in-
formation into it. An optimal approximation of the beamformer
beampattern in an LSE sense was subsequently presented and
the frequency-invariant beamformer was derived with this ap-
proximation. The developed approach can be used to design
any desired symmetric directivity pattern, in which the deduced
beampattern is almost frequency invariant and its main beam
can be pointed at any wanted direction in the plane where the
sensors are located. Moreover, the proposed approach can be
viewed as a generalization and improvement of CDMA. It is
also shown that the beampattern designed by the well known
CHB method is a particular case of the beampatterns designed
by the developed method.

APPENDIX A
DERIVATION OF (25)

The vector ve (j�ψm ) consists of 2N + 1 elements, which
are written as

[ve (j�ψm )]n =
1
2π

∫ 2π

0
ej� cos(θ−ψm )ejnθdθ

=
jnejnψm

2π
ξ, (58)
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where n = 0,±1, . . . ,±N , and

ξ =
∫ 2π

0
ej� cos(ψm −θ)e−jn(ψm −θ+π/2)dθ,

For ease of notation, let us set t = ψm − θ + π/2. It follows
then

ξ = −
∫ ψm −3π/2

ψm +π/2
ej� cos(t−π/2)e−jntdt

=
∫ ψm +π/2

ψm −3π/2
ej(� sin t−nt)dt

=
∫ 0

ψm −3π/2
ej(� sin t−nt)dt

+
∫ 2π

0
ej(� sin t−nt)dt

+
∫ ψm +π/2

2π
ej(� sin t−nt)dt. (59)

With some simple mathematical manipulation, we obtain

ξ =
∫ 2π

0
ej(� sin t−nt)dt = 2πJn (�) . (60)

Substituting (60) into (58) gives (25).

APPENDIX B
RELATION BETWEEN THE FIB-LSE AND THE CHB

In this appendix, we show that the CHB is a particular case
of the FIB-LSE.

Substituting the definitions of Ψ, J (�), and c2N (θs) into
(38), it is easy to deduce themth (m = 1, 2, . . . ,M ) coefficient
of the FIB-LSE filter:

Hm (ω) =
1
M

N∑

n=−N

b2N,n
[jnJn (�)]∗

ejnψm ejnθs . (61)

We then derive the coefficients of the CHB filter, where the
design process is based on the one given in [17]. The CHB first
represents the measured sound pressure with a circular Fourier
series as

Cn (ω) =
1
M

M∑

m=1

Ym (ω) e−jnψm , (62)

where n = 0,±1, . . . ,±N , N is the order of the CHB, and
Ym (ω) is the mth microphone signal. Then, the array output of
the CHB is

Z (ω) =
1

2N + 1

N∑

n=−N

1
jnJn (�)

e−jnθsCn (ω) . (63)

Substituting (62) into (63), we get

Z (ω) =
M∑

m=1

Ym (ω)
1

M(2N + 1)

×
N∑

n=−N

1
jnJn (�)

e−jnψm e−jnθs . (64)

From the previous expression, we easily see that the mth coef-
ficient of the CHB filter can be written as

Hm (ω) =
1

M(2N + 1)

N∑

n=−N

1
[jnJn (�)]∗

ejnψm ejnθs . (65)

Comparing (61) with (65), it is clearly seen that the CHB is a
special case of the FIB-LSE, i.e.,

b2N =
1

2N + 1
[
1 · · · 1 · · · 1

]T
,

which corresponds to a hypercardioid pattern in the FIB-LSE
[30].
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